A modified Fresnel zone plate that can produce an approximate Gaussian focal spot is proposed for the focusing and imaging of soft x rays and extreme ultraviolet radiation. The selection conditions for the positions and the widths of the concentric open rings are analytically presented. The focal spot size can be much smaller than the width of the narrowest open ring, and the sidelobes and the higher orders can be effectively suppressed. Through numerical experiments, we confirm that a Gaussian focal spot with a beam width of 7.7 nm can be produced by a modified Fresnel zone plate with a minimum structure size of 30 nm.
INTRODUCTION
The focusing and imaging of soft x rays and extreme ultraviolet radiation have many applications in physics and the life sciences, such as in high-resolution microscopy, spectroscopy, nanolithography, and telescopy. Unfortunately, the refractive lens cannot be used for this kind of focusing because all solids are strongly absorbing in the spectral regions of soft x rays and extreme ultraviolet radiation. Traditional Fresnel zone plates (TFZPs) can be used for this kind of focusing. 1 However, the focal spot size of a TFZP is about the order of the width of the outermost half-zone, [2] [3] [4] so its spatial resolution is limited in technology by the smallest structure (20-40 nm) that can be fabricated by lithography. 5, 6 This drawback was recently overcome by a novel diffractive optical element called a photon sieve, [7] [8] [9] [10] [11] which consists of a large number of pinholes properly distributed over the Fresnel zones. It is well known that in a TFZP, each open ring has a net positive contribution to the field value at the desired focus. Similarly for a photon sieve, each pinhole has a net positive contribution to the field value at the desired focus. This collective behavior can greatly enhance the intensity at the desired focus and in fact is the cause of the focusing. However, it should be emphasized that the success (by which we mean the increase of spatial resolution, the suppression of sidelobes, and the suppression of higher orders) of photon sieves does not result from this aspect, but from the following three factors: First 11 is the use of large size for the whole element, though this point is not clearly mentioned in the initial work. 7 The Rayleigh resolution formula tells us that larger optical elements lead to sharper focusing. The second factor 7 is the use of smooth filtering for the population of pinholes. This kind of filtering can effectively suppress the sidelobes around the principal focus. The third factor 10 is the use of different ratios d:w for different pinholes, where d is the diameter of an individual pinhole and w is the width of the corresponding local half-zone of the underlying TFZP. It has been found that this factor 10 can effectively suppress the intensity peaks at the higher-order foci. In principle, none of these factors shows that the use of pinholes is superior to the use of concentric open rings. Therefore, it should be possible to use modulated open rings to construct a large optical element that overcomes the drawbacks of a TFZP. In this paper we shall theoretically demonstrate this possibility. In particular, we shall propose a modified Fresnel zone plate (MFZP) to produce a sharp Gaussian focal spot. This kind of focal spot is even better than that produced by a photon sieve, 7 because a focused Gaussian beam has the advantages of circular symmetry, long focal depth, and good beam quality. 12 For simplicity, we shall focus on the case of plane wave illumination.
INDIVIDUAL DIFFRACTED FIELDS FROM INDIVIDUAL OPEN RINGS
Consider a MFZP consisting of N concentric open rings. As shown in Fig. 1 , it is illuminated by a plane wave. It is suitable to use polar coordinates for those transverse planes that are perpendicular to the common propagation axis. We denote by (r, ) the polar coordinates at the MFZP plane. Similarly, we denote by (R, ) the polar coordinates at the focal plane. The desired focal point is located at (R ϭ 0, ϭ 0), the focal length is f, and the total radius of the MFZP is A. For convenience, we shall also use the coordinate s ϭ r 2 in the remainder of this paper. We denote by U(R) the total diffracted field distribution at the focal plane because it is rotationally symmetric. For the same reason, we denote by U n (R) the individual diffracted field at the focal plane from the nth individual open ring. According to the linear superposition principle, U(R) is the simple sum of the individual diffracted fields U n (R) from those individual open rings, i.e., U(R) ϭ ͚ nϭ1 N U n (R). From the RayleighSommerfeld diffraction integral, [13] [14] [15] we know that
where j is the imaginary unit, k ϭ 2/, is the wave-
, A n is the area of the nth open ring, and a constant factor Ϫj has been ignored. Equation (1) is accurate provided that [13] [14] [15] 
, where r n is the characteristic coordinate of the nth open ring. For sharp focusing, the area of interest at the focal plane is actually the focal area (i.e., the neighborhood of the focus R ϭ 0) because the focal spot is very small. In the focal area, the radial coordinate R is very small. Also, the quantity r 2 Ϫ r n 2 is far smaller than the quantity f 2 ϩ r n 2 because the width of the nth open ring is small. By taking these properties into account, we expand as
where f n ϭ ( f 2 ϩ r n 2 ) 1/2 . This expansion for is similar to that in Eq. (7) of Ref. 15 , which studied the off-axis diffraction of circular apertures. We use the approximation of Eq. (2) for the in the exponent of Eq. (1). For the in the denominator of Eq. (1), the approximation Ϸ f n is already good enough. By substituting these two approximations into Eq. (1) and using the equality ͐ 0 2 exp͓Ϫju cos( Ϫ )͔d ϭ 2J 0 (u), where u ϭ kRr/f n , one can obtain
where a n and b n are the radii of the lower and the upper edges of the nth open ring, respectively. The integral in Eq. (3) can be re-expressed as
(2 f n )͔J 0 (kRs 1/2 /f n )ds in the s coordinate, where s n ϭ r n 2 . We now let the point s ϭ s n be the midpoint of the integral interval in the s coordinate. That is to say, we let a n 2 ϭ s n Ϫ d n and b n 2 ϭ s n ϩ d n , where d n is the halfwidth of the nth open ring in the s coordinate. To this end, the geometric structure of the nth open ring can be completely determined by the two parameters s n and d n in the s coordinate. As pointed out above, the coordinate R is very small in the focal area. As a consequence, the change of J 0 (kRs 1/2 /f n ) with s is very slow. By taking these factors into account, one can use the approximation
Then, the factor J 0 (kRr n /f n ) can be put before the integral because it is independent of the integral variable s. The remaining integral ͐ s n Ϫd n s n ϩd n exp͓ jk(s Ϫ s n )/ (2 f n )͔ds can be easily derived to be 4f n sin͓kd n /(2 f n )͔/k. By taking all the above analyses into account, we obtain
In particular, the field value U n (0) at the focus R ϭ 0 is given by
To get effective focusing, one should let those individual diffracted fields have the same phase (rigorously speaking, argument) at the desired focus. The argument of the real function sin͓kd n /(2 f n )͔ can be 0 or , because this real function can be positive or negative. By taking this property into account, one can briefly state the general selection condition as follows:
where m n is a nonnegative integer. Note that the integer m n is usually different from n. The first relation in Eq. (6) [or Eq. (7)] is used to determine the midpoints of the open rings and the second one to determine their widths. These selection conditions for the open rings of a MFZP are similar to those for the pinholes of a photon sieve. 7, 8, 11 In principle, one can get an almost-arbitrarily-small focal spot (up to the order of the wavelength, because evanescent waves cannot reach the focal plane) if the total diameter of the MFZP is large enough. However, one should keep in mind that the efficiency may decrease with the increase of spatial resolution if a certain value for the width of the narrowest open ring is set in advance.
CONSTRUCTION OF A GAUSSIAN FOCAL SPOT
It is desirable to produce a Gaussian focal spot because a focused Gaussian beam has the advantages of no sidelobes, circular symmetry, long focal depth, and good beam quality. 12 From the expression f n ϭ ( f 2 ϩ r n 2 ) 1/2 , we know that the relative change of f n with n is small because of the relation r n 2 Ӷ f 2 . Also, R is very small in the focal area. By taking these properties into account, one can get exp͓ jkR
where F is the average of all those f n . The value of F can be approximately given by
Substituting the above approximations into Eq. (4), we get In Eq. (8), we have ignored the factor exp͕ jk͓ f ϩ R 2 /(2F)͔͖ because it is a common factor for all the open rings and has no influence on the total intensity distribution at the focal plane.
We now divide the whole element into N zones, and let each zone include an open ring. We denote by D n the width of the nth zone in the s coordinate. Obviously, the sum of those widths D n is equal to A 2 in the s coordinate. That is to say,
where ␣ and are two positive-value parameters that can be chosen. It is worth mentioning that Eq. (9) always satisfies the general selection conditions of Eqs. (6) and (7) 
Equation (10) 
where L is a positive integer and ␤ is a dimensionless constant. The parameter ␤ must be in the range of 0 Ͻ ␤ р 1 because it is actually equal to ͉sin͓kd 1 /(2 f 1 )͔͉. When the selection condition f n ϭ f ϩ m n is used, L should be chosen to be an odd integer. When the selection condition f n ϭ f ϩ (m n ϩ 1/2) is used, L should be chosen to be an even integer. The solution of Eq. (11) has already taken into account the sign problem of the factor sin͓kd n /(2 f n )͔ so one does not need to take this sign problem into account any longer. Corresponding to Eq. (11), the full width 2d n falls into the range (2L Ϫ 1)W n р 2d n р 2LW n , where W n ϭ f n , is the width of the local half-zone of the underlying TFZP 7 in the s coordinate. After s n and d n are determined, the real edges a n and b n and the characteristic coordinate r n of the nth open ring in the r coordinate can be determined by a n ϭ ( . From this relation, one may guess that the intensity I M at the focus of a MFZP can be higher than the intensity I T at the focus of a TFZP if the parameter is large enough. This guess is indeed correct and will be confirmed by the example presented in Section 4. As we state above, the width of the Gaussian focal spot is about 2 f/( k). This relation explicitly shows that one can increase the spatial resolution by increasing the value of . Therefore, to get high spatial resolution, one should try to use large . However, it should be pointed out that the practical spatial resolution is limited by the errors in fabricating the open rings if the parameter is chosen too large.
It is well known that, besides the intensity peak at the principal focus, there also appear significant intensity peaks at the higher-order foci of a TFZP. These higherorder peaks are effectively suppressed by a photon sieve. 7 It has been found that, for a photon sieve, 10 the suppression of higher orders does not result from the random distribution of pinholes, but from the use of different ratios d:w for different pinholes, where d is the diameter of an individual pinhole and w is the width of the corresponding local half-zone of the underlying TFZP. 7 In the firstorder focus, all the pinholes have constructive contributions to the focusing. However, the sign of an individual diffracted field reverses three times more often in the third-order focus than in the first-order focus. Because the ratios d/w are different for different pinholes, some pinholes still have constructive contributions to the focusing in the third-order focus, but the others have destructive contributions to the focusing in the third-order focus. As a consequence, the total field value at the third-order focus tends to zero and the focusing in the third-order focus is therefore suppressed. The same thing happens in other higher-order foci. According to this explanation, the higher orders of a MFZP can also be effectively suppressed because we actually use different ratios 2d n /W n for different open rings.
NUMERICAL TEST AS EXAMPLE
To understand the above analyses better, we now consider a concrete MFZP. The general parameters for the whole element are chosen such that ϭ 2. Table 1 . The width of the narrowest open ring, which is the final one (n ϭ 199) in region 1, is 30.02 nm (ideal value). The width of the narrowest opaque ring, which is the outermost one of the whole element, is 24.66 nm (ideal value). The width of the nth opaque ring is given by a n Ϫ b nϪ1 for 2 р n р 1015. The width of the first opaque ring is given simply by a 1 because the center is opaque in this example.
Our design considerations (as well as design steps) for this example are as follows:
1. The width of the narrowest open ring is ϳ30 nm because the size of the smallest structure that can be fabricated by lithography 5, 6 is 20-40 nm. 2. The wavelength and the focal distance have the typical values of 2.4 nm and 500 m, respectively.
3. We let the total radius of the MFZP be ϳ100 m, as noted. One can find that the width of the outermost halfzone of the underlying TFZP 7 is ϳ6.12 nm if the total radius of the underlying TFZP is ϳ100 m. This relation implies that the focal spot size of the MFZP can be as small as 7-8 nm.
4. We let the parameter be 50 m by use of the suggested ratio A/ Ϸ 2.
5. The beam width of the desired Gaussian focal spot is determined to be 7.715 nm.
6. The whole element is divided into three different regions that correspond to L ϭ 1, L ϭ 2, and L ϭ 3, respectively. This separation is necessary; otherwise, one cannot obtain a small focal spot size of ϳ7.7 nm under the condition that the narrowest open ring is ϳ30 nm wide.
7. We let s nϩ1 Ϫ s n ϭ 6D n in region 2 and s nϩ1 Ϫ s n ϭ 10D n in region 3. The quantity s nϩ1 Ϫ s n expresses the distance between the midpoint of the nth open ring and the midpoint position of the (n ϩ 1)th open ring in the s coordinate. These choices can ensure that all the opaque rings are wide enough, too.
8. We let s nϩ1 Ϫ s n ϭ 4D n in region 1. The advantage of this choice is that all the zones (including the first one) in region 1 are symmetric about the corresponding position s n in the s coordinate.
9. As we point out above, the condition ␤D n f n exp͓Ϫ(s n Ϫ s 1 )/ 2 ͔/(D 1 f 1 ) р 1 must be satisfied for each open ring. This condition actually requires that the value ␤D n f n exp͓Ϫ(s n Ϫ s 1 )/ 2 ͔/ (D 1 f 1 ) for the final open ring in region 1 must be smaller than 2/3. Also, each open ring in region 1 should be wider than 30 nm. We find that these requirements can both be satisfied if the parameter ␤ is not larger than 0.96. Therefore we choose ␤ ϭ 0.96.
10. Finally, we determine the concrete boundaries of the three regions and choose the detailed parameters for the open rings. These data have been given at the beginning of this section.
To have an intuitive understanding of the layout of this example, in Fig. 2 we draw the transmittance functions in the transition zones between two neighboring regions. One may find that the final zone in region 2 is wider than others in the same region. This arrangement comes purely from the match requirement between region 2 and region 3. As shown in Table 1 , we use the relation f n ϭ f ϩ (m n ϩ 0.5) for the open rings in region 2, but use the relation f n ϭ f ϩ m n for the open rings in region 3. Corresponding to these choices, the distance from the midpoint of the final open ring in region 2 to the midpoint of the first open ring in region 3 cannot be an even integral number of W n . On the other hand, as we state above, we let s nϩ1 Ϫ s n ϭ 6D n in region 2 and s nϩ1 Ϫ s n ϭ 10D n in region 3. These choices imply that one can let the width of the final zone in region 2 be 6W n only if the distance from the midpoint of the final open ring in region 2 to the midpoint of the first open ring in region 3 is 8W n . However, as we point out above, this condition cannot be satisfied. This being the case, we let the distance from the midpoint of the final open ring in region 2 to the midpoint of the first open ring in region 3 be 9W n . Corresponding to this distance, we let the width of the final zone in region 2 be 7W n .
To further understand the layout of this example, we draw the real widths of the open rings as a function of n in Fig. 3(a) . Basically, the widths of the open rings decrease with the increase of n in each region but have abrupt jumps at the boundaries between two neighboring regions. These jumps are related to the abrupt jumps of L and D n . For completeness, the change of the real widths of the opaque rings with the increase of n is shown in Fig. 3(b) .
The calculated intensity distributions at the focal plane for this ideal MFZP and for an opaque-center TFZP are presented in Fig. 4 . These simulations are based on the Rayleigh-Sommerfeld diffraction integral. [13] [14] [15] For the TFZP, the width of the outermost open ring is 29.94 nm, the total radius A T is 20.084 m, the focal length f is 500 m, and the wavelength is 2.4 nm. From Fig. 4 , one can see the following properties: (1) As shown in Fig.   4(a) , the intensity distribution of the ideal MFZP is in excellent agreement with the desirable Gaussian intensity distribution with a beam width of 7.715 nm. (2) As shown in Fig. 4(a) , the focal spot size of the ideal MFZP is much smaller than that of the TFZP. (3) As shown in Fig.  4(b) , the sidelobes of the intensity distribution of the ideal MFZP have been effectively suppressed. The calculated intensity distributions on the propagation axis for this ideal MFZP and for the corresponding TFZP are shown in Fig. 5 . These simulations are also based on the Rayleigh-Sommerfeld diffraction integral. [13] [14] [15] For the calculations of the on-axis intensity distributions, one only needs to replace the focal length f by the axial distance Z. We define the axial distance Z as the distance between the central point of the MFZP (or the TFZP) and the on-axis observation point. From Fig. 5 one can see that the higher orders of the ideal MFZP have been effectively suppressed, although there appear several small intensity peaks at other axial locations. This suppression directly confirms the opinion of Ref. 10 , because the ideal MFZP is a rotationally symmetric element. In addition, we find that the calculated peak intensity I M of the ideal MFZP is 8.57 times higher than the peak intensity I T of the TFZP. On the other hand, the ratio I M /I T determined by the approximate formula
These two values are in good agreement.
As we point out above, the errors in fabricating the open rings may have an important influence on the practical spatial resolution if the parameter is chosen to be large. To see if this inaccuracy has a significant influence on the performance of the above-mentioned example, we numerically introduce random errors into the edge parameters of the open rings. Concretely, for each open ring we put two different random errors on the ideal edge values, respectively. All random errors are distributed in the range of [Ϫ2 nm, ϩ2 nm]. That is, we assume that the accuracy for the edge values of those open rings is Ϯ2 nm. We did many numerical experiments. Each time, we found that the normalized intensity distribution at the focal plane for the nonideal MFZP with errors is almost indistinguishable from that for the ideal MFZP in the lin- ear scale. One of these simulations is shown in Fig. 6 . These numerical experiments show that the accuracy of Ϯ2 nm is sufficient for the example chosen.
CONCLUSIONS
We have proposed a MFZP that can produce a sharp, Gaussian focal spot for the focusing and imaging of soft x rays and extreme ultraviolet radiation. The focal spot size can be much smaller than the minimum structure size of the diffractive optical element, and the sidelobes and the higher orders can be effectively suppressed. Through a concrete example, we have numerically confirmed these properties. In particular, we have shown that a Gaussian focal spot with a beam width of 7.7 nm can be produced by a MFZP with a minimum structure size of 30 nm. A MFZP can be fabricated by the same technology as for a TFZP. Compared with a photon sieve, 7 a MFZP has the advantages of circular symmetry, long focal depth and good beam quality. 12 Its disadvantages are the additional small intensity peaks on the propagation axis and the need for additional support.
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